Abstract. Bicovering arcs in Galois affine planes of odd order are a powerful tool for constructing complete caps in spaces of higher dimensions. In this paper we investigate whether some arcs contained in nodal cubic curves are bicovering. For m 1 , m 2 coprime divisors of q − 1, bicovering arcs in AG(2, q) of size k ≤ (q − 1) 
Introduction
In a (projective or affine) space over the finite field with q elements F q , a cap is a set of points no three of which collinear; plane caps are usually called arcs. A cap is said to be complete if it is not contained in a larger cap. The problem of determining the spectrum of sizes of complete caps in a given space has been intensively investigated, also in connection with Coding Theory. In fact, complete caps of size k in the N -dimensional projective space P G(N, q) with k > N + 1 and linear quasi-perfect [k, k − N − 1, 4]-codes over F q are equivalent objects; see e.g. [8] . For fixed N and q, the smaller is a complete cap, the better are the covering properties of the corresponding code; see e.g. [12] .
The trivial lower bound for the size of a complete cap in a Galois space of dimension N and order q is
If q is even and N is odd, such bound is substantially sharp; see [18] . Otherwise, all known infinite families of complete caps have size far from (1); see the survey papers [14, 15] and the more recent works [1, 2, 3, 5, 10, 11, 12] . For q odd, a lifting method for constructing complete caps in higher dimensions was proposed in [10] . It is based on the notion of a bicovering arc in a Galois affine plane AG(2, q); see Section 2.1 here. An arc A in AG(2, q) is said to be bicovering if every point P off A is covered by at least two secants of A, in such a way that P is external to the segment cut out by one of the secants but it is internal when the other secant is considered. As first noticed in [10] , if there exists a bicovering arc of size k in AG(2, q), then a complete cap of size kq (N −2)/2 can be constructed in AG(N, q) for each positive N ≡ 0 (mod 4).
Cubic curves have recently emerged as a useful tool to construct small bicovering arcs [1, 2, 6] . Let G denote the abelian group of the non-singular F q -rational points of an irreducible plane cubic X defined over F q . It was already noted by Zirilli [28] that no three points in a coset of a subgroup K of G can be collinear, provided that the index m of K in G is not divisible by 3. Since then, arcs in cubics have been thoroughly investigated; see e.g. [9, 17, 23, 24, 25, 26, 27] . It is easily seen that a necessary condition for the union of some cosets of K to be a bicovering arc is that they form a maximal 3-independent subset of the factor group G/K. The possibility of obtaining small bicovering arcs via this method was investigated in [1] for X singular with a cusp, and in [2] when X is a non-singular (elliptic) curve. As a result, general constructions of bicovering arcs of size less than 2pq 7/8 [1] and q/3 [2] were provided.
In this paper we deal with cubics with an F q -rational node. We prove that if m is a divisor of q − 1 coprime to 6 and such that m ≤ 4 √ q/3.5, then the union of the cosets of K corresponding to a maximal 3-independent subset in G/K is a bicovering arc; see Theorem 2 in Section 4. A similar result for X elliptic was obtained in [2] , under the further assumption that m is a prime; see [2, Theorem 1] . However, it should be remarked that allowing m to be a composite integer is a crucial improvement. In fact, for m a generic prime, the smallest known maximal 3-independent subsets in the cyclic group of order m have size approximately m/3 [27] ; on the other hand, when m = m 1 m 2 with (m 1 , m 2 ) = 1 and (m, 6) = 1, maximal 3-independent subsets of size less than or equal to m 1 + m 2 can be easily constructed; see [24] .
The main achievements of the present paper are summarized by the following result. 
(ii) for N ≡ 0 (mod 4), N ≥ 4, there exists a complete cap in AG(N, q) of size less than or equal to
When p is large, the value (m 1 + m 2 )/m 1 m 2 , where m 1 , m 2 are coprime divisors of q − 1 with (m 1 m 2 , 6) = 1 and m 1 m 2 < 4 √ q/3.5, can be significantly smaller than both 2p/q 1/8 and 1/3. This certainly happens for infinite values of q; see Section 5.1. In this cases, Theorem 1 provides the smallest bicovering arcs known up to now, and hence the smallest known complete caps in AG(N.q) with N ≡ 0 (mod 4).
Our proofs heavily rely on concepts and results from both Algebraic Geometry in positive characteristic and Function Field Theory. In particular, a crucial role is played by the family of plane curves investigated in Section 3.
With regard to the problem of constructing bicovering arcs contained in singular cubics, it should be noted that the present paper together with [1] leave just one case open, namely that of a cubic with an isolated double point, which is currently under investigation by the same authors.
Preliminaries
Let q be an odd prime power, and let F q denote the finite field with q elements. Throughout the paper, K will denote the algebraic closure of F q .
2.1.
Complete caps from bicovering arcs. Throughout this section, N is assumed to be a positive integer divisible by 4. Let
2 . Fix a basis of F q ′ as a linear space over F q , and identify points in AG(N, q) with vectors of
As noticed in [10] , the set C A is a cap whose completeness in AG(N, q) depends on the bicovering properties of A in AG(2, q), defined as follows. According to Segre [20] , given three pairwise distinct points P, P 1 , P 2 on a line ℓ in AG(2, q), P is external or internal to the segment P 1 P 2 depending on whether
is a non-zero square or a non-square in F q , where x, x 1 and x 2 are the coordinates of P , P 1 and P 2 with respect to any affine frame of ℓ. Let A be a complete arc in AG(2, q). A point P ∈ AG(2, q) \ A is said to be bicovered by A if there exist P 1 , P 2 , P 3 , P 4 ∈ A such that P is both external to the segment P 1 P 2 and internal to the segment P 3 P 4 . If every P ∈ AG(2, q) \ A is bicovered by A, then A is said to be a bicovering arc. A key tool in this paper is the following result from [10] .
2.2.
Curves and function fields. Let C be a projective absolutely irreducible algebraic curve, defined over the algebraic closure K of F q . An algebraic function field F over K is an extension F of K such that F is a finite algebraic extension of K(x), for some element x ∈ F transcendental over K. If F = K(x), then F is called the rational function field over K. For basic definitions on function fields we refer to [22] . It is well known that to any curve C defined over K one can associate a function field K(C) over K, namely the field of the rational functions of C. Conversely, to a function field F over K one can associate a curve C, defined over K, such that K(C) is K-isomorphic to F . The genus of F as a function field coincides with the genus of C.
A place γ of K(C) can be associated to a single point of C called the center of γ, but not vice versa. A bijection between places of K(C) and points of C holds provided that the curve C is non-singular.
Let F be a function field over K. If F ′ is a finite extension of F , then a place γ ′ of F ′ is said to be lying over a place γ of F , if γ ⊂ γ ′ . This holds precisely when γ = γ ′ ∩ F . In this paper e (γ ′ |γ) will denote the ramification index of γ ′ over γ. A finite extension F ′ of a function field F is said to be unramified if e(γ ′ |γ) = 1 for every γ ′ place of F ′ and every γ place of F with γ ′ lying over γ. Throughout the paper, we will refer to the following result a number of times.
Proposition 2 (Proposition 3.7.3 in [22] ). Let F be an algebraic function field over K, and let m > 1 be an integer relatively prime to the characteristic of K. Suppose that u ∈ F is an element satisfying u = ω e for all ω ∈ F and e|m, e > 1. Let
is the greatest common divisor of m and v γ (u); (ii) if g (resp. g ′ ) denotes the genus of F (resp. F ′ ) as a function field over K, then
where γ ranges over the places of F and r γ is defined by (4).
An extension such as F ′ in Proposition 2 is said to be a Kummer extension of F .
A curve C is said to be defined over F q if the ideal of C is generated by polynomials with coefficients in F q . In this case, F q (C) denotes the subfield of K(C) consisting of the rational functions defined over F q . A place of K(C) is said to be F q -rational if it is fixed by the Frobenius map on K(C). The center of an F q -rational place is an F q -rational point of C; conversely, if P is a simple F q -rational point of C, then the only place centered at P is F q -rational. The following result is a corollary to Proposition 2. Proposition 3. Let C be an irreducible plane curve of genus g defined over F q . Let u ∈ F q (C) be a non-square in K(C). Then the Kummer extension K(C)(w), with w 2 = u, is the function field of some irreducible curve defined over F q of genus
where M is the number of places of K(C) with odd valuation of u.
The function field K(C)(w) as in Proposition 3 is said to be a double cover of K(C) (and similarly the corresponding irreducible curve defined over F q is called a double cover of C).
Finally, we recall the Hasse-Weil bound, which will play a crucial role in our proofs.
Proposition 4 (Hasse-Weil Bound -Theorem 5.2.3 in [22] ). The number N q of F q -rational places of the function field K(C) of a curve C defined over F q with genus g satisfies
2.3.
Order and class of a place with respect to a plane model. Let C be the algebraic plane curve defined by the equation f (X, Y ) = 0, where f (X, Y ) is an irreducible polynomial over K, and let K(C) be the function field of C. Letx andȳ denote the rational functions associated to the affine coordinates X and Y , respectively. Then K(C) = K(x,ȳ) with f (x,ȳ) = 0. Let P C denote the set of all places of K(C), and let Div(K(C)) be the group of divisors of K(C), that is the free abelian group generated by P C . Let D be the following subset of Div(K(C)):
This set D is a linear series, which is usually called the linear series cut out by the lines of P 2 (K). For basic definitions on linear series we refer to [16] . There is a one-to-one correspondence between D and the set of all lines in P 2 (K): a line ℓ with homogeneous equation
For a place γ with (D, γ) order sequence (0, j 1 (γ), j 2 (γ)), and for every line ℓ, Proposition 5. Let Q be a point of C and ℓ be a line in P 2 (K). Then the sum
is equal to the intersection multiplicity I(Q, C ∩ ℓ) of C and ℓ at Q.
If ℓ is a line through Q which is not a tangent of C at Q, then v γ (D(ℓ)) = j 1 (γ) for each place γ centered at Q. Therefore, if Q is an m-fold point of C, then the sum of the orders of the places centered at Q coincides with m. Also, the number of places centered at Q is greater than or equal to the number of distinct tangents at Q.
A family of curves defined over F q
Throughtout this section q = p h for some prime p > 3, and m is a proper divisor of q − 1 with (m, 6) = 1. Also, t is a non-zero element in F q which is not an m-th power in F q . For a, b ∈ F q with ab = (a − 1)
3 , let P = (a, b) ∈ AG(2, q). A crucial role for the investigation of the bicovering properties of a coset of index m in the abelian group of the non-singular F q -rational points of a nodal cubic is played by the curve
In [24, 25] it is claimed without proof that C P is absolutely irreducible of genus less than or equal to some absolute constant times m 2 . The proof does not seem to be straightforward. In particular, Segre's criterion ( [19] ; see also [21, Lemma 8] ) cannot be applied. Actually, for a 3 = −1 and
The first result of this section is the existence of an absolutely irreducible component of C P defined over F q . We distinguish a number of cases.
3.1.
is a generalized Fermat curve over F q (see [7] ). As proven in [7] , such component is absolutely irreducible with genus less than m 2 .
Proposition 6. Assume that a 3 = −1 and
Then the curve C P has an irreducible component defined over F q of genus less than m 2 , with equation
3.2. a = 0 and either
Then the plane quartic curve Q P :
Proof. Let X ∞ and Y ∞ be the ideal points of the X-axis and the Y -axis, respectively. It is straightforward to check that X ∞ and Y ∞ are the only ideal points of Q P , and that they are both ordinary double points. The tangent lines of Q P at X ∞ are Y = 0 and Y = a/t; similarly, X = 0 and X = a/t are the tangent lines at Y ∞ . As ab = (a − 1) 3 , it is straightforward to check that none of such lines is a component of Q P ; hence, Q P has no linear component. Assume now that Q P splits into two irreducible conics, say C 1 and C 2 .
Without loss of generality we can assume that X = 0 and X = a/t are the tangents of C 1 and C 2 at Y ∞ , respectively.
We first consider the case where Y = 0 is the tangent of C 1 at X ∞ and Y = a/t is the tangent of C 2 at X ∞ . Then C 1 : XY + ǫ = 0 and
By comparing coefficients we obtain
which is impossible.
We now assume that Y = a/t is the tangent of C 1 at X ∞ and Y = 0 is the tangent of C 2 at X ∞ . Then for some ǫ,ǭ, ρ
By comparing coefficients we have
which implies that both a 3 = −1 and
Letū andz denote the rational functions of K(Q P ) associated to the affine coordinates X and Y , respectively. Then
By the proof of Lemma 1 both X ∞ and Y ∞ are ordinary double points of Q P ; hence, they both are the center of two linear places of K(ū,z).
Lemma 2. Let γ 1 be the linear place of K(ū,z) centered at X ∞ with tangent Y = a/t, and γ 2 the linear place of K(ū,z) centered at X ∞ with tangent Y = 0. Then
Proof. We keep the notation of Section 2.3. Here, the role ofx andȳ is played bȳ u andz, respectively. Then
From here one can easily deduce that v γ1 (z) = 0. In fact, if v γ1 (z) > 0, then v γ1 (z − a/t) = 0, and hence e γ1 = j 2 (γ 1 ); also, (10) implies j 2 (γ 1 ) = 1, a contradiction. On the other hand, if v γ1 (z) < 0, then v γ1 (z − a/t) = v γ1 (z); hence, (8) and (10) yield that j 2 (γ 1 ) = 1, a contradiction. From (10) it follows that e γ1 = 1; then v γ1 (ū) = −1 is obtained from (9) . As far as γ 2 is concerned, note that
Then the assertion about γ 2 can be easily obtained from j 2 (γ 2 ) > 1.
As Q P is left invariant by the transformation X → Y , Y → X, the following result is obtained at once. Let Q 1 = (0, a/t) and Q 2 = (a/t, 0). It is easily seen that both Q 1 and Q 2 are simple points of Q P , and hence they both are the center of precisely one linear place of K(ū,z) Lemma 4. Let γ 5 be the place of K(ū,z) centered at Q 1 , and γ 6 the place centered at
Proof. Clearly, γ 5 is a zero ofū, whereas γ 6 is a zero ofz. From (7), the number of zeros (and poles) of eitherū orz is 2. Then the assertion follows from Lemmas 2 and 3.
We now consider the extension K(ū,z)(ȳ) of K(ū,z) defined by the equation y m =z. Clearly, K(ū,z,ȳ) = K(ū,ȳ) holds. By Lemma 4, K(ū,ȳ) is a Kummer extension of K(ū,z). For a place γ of K(ū,z) let r γ = gcd(m, v γ (z)). Then by Lemma 4 we have r γ = 1, if γ ∈ {γ 2 , γ 3 , γ 4 , γ 6 }, r γ = m, otherwise. By Proposition 2 the genus of K(ū,ȳ) is equal to 2m− 1 + m(g − 1), where g denotes the genus of Q P . Since Q P is a quartic with two double points, g ≤ 1 holds and hence the genus of K(ū,z,ȳ) is less than or equal to 2m − 1. Also, the places of K(ū,z) which ramify in the extension K(ū,ȳ) : K(ū,z) are precisely γ 2 , γ 3 , γ 4 , γ 6 ; their ramification index is m. For i ∈ {2, 3, 4, 6} letγ i be the only place of K(ū,ȳ) lying over γ i ; also, letγ We can now apply Proposition 2, together with Lemma 5, in order to deduce that the extension K(ū,ȳ)(x) = K(ȳ,x) of K(ū,ȳ) defined by the equationx m =ū is a Kummer extension of K(ū,ȳ) of genus
where g ′ is the genus of K(ū,ȳ). Taking into account that g ′ ≤ 2m−1, the following result is obtained.
Lemma 6. The genus of K(x,ȳ) is at most 3m
2 − 3m + 1.
Proposition 7.
Assume that a = 0 and either a 3 = −1 or b = 1 − (a − 1) 3 . Then the curve C P is an absolutely irreducible curve defined over F q with genus less than or equal to 3m 2 − 3m + 1.
Proof. Suppose that f a,b,t,m (X, Y ) admits a non-trivial factorization
By construction, f a,b,t,m (x,ȳ) = 0 holds and hence there exists i 0 ∈ {1, . . . , s} such that g i0 (x,ȳ) = 0. Clearly, either deg X (g i0 ) < 2m or deg Y (g i0 ) < 2m holds. To get a contradiction, it is then enough to show that the extensions K(x,ȳ) : K(x) and K(x,ȳ) : K(ȳ) have both degree 2m.
Then K(x,ȳ) is the function field of C P , and the assertion on the genus follows from Lemma 6.
a = 0.
Lemma 7. The plane quartic curve Q P with equation
is absolutely irreducible of genus g ≤ 1.
Proof. It is easily seen that Q P does not admit any linear component. Note that both X ∞ and Y ∞ are cuspidal double points of Q P . The tangent line at X ∞ is Y = 0, and the intersection multiplicity of Q P and Y = 0 at X ∞ is equal to 3; similarly, X = 0 is the tangent line at Y ∞ and I(Y ∞ , Q P ∩ {X = 0}) = 3. Therefore, precisely one irreducible component C of Q P passes through Y ∞ ; also, Y ∞ is a double point of C and there is only one place of K(C) centered at Y ∞ . Then C is a curve of degree greater than 2. Since Q P does not have any linear component, the only possibility is that the degree of C is four, that is, C = Q P . This shows that Q P is absolutely irreducible. As Q P is a quartic with at least two singular points, its genus g is less than or equal to 1.
Let K(ū,z) be the function field of Q P . Here,ū andz are rational functions on Q P such that −bt 2ūz − t 4ū2z2 + 3t 2ūz − tū − tz = 0.
Let γ 1 be the only place of K(ū,z) centered at the (simple) point of Q P with coordinates (0, 0). From the proof of Lemma 7 there is precisely one place of K(ū,z), say γ 2 , centered at Y ∞ . As Q P is left invariant by the transformation X → Y , Y → X, the same holds for X ∞ ; we denote by γ 3 the only place of K(ū,z) centered at X ∞ . Arguing as in the proofs of Lemmas 2, 3 and 4, the divisors of bothū andz can be computed.
In order to prove that C P is absolutely irreducible, the same arguments as in Section 3.2 can be used. Let K(ū,z)(ȳ) be the extension of K(ū,z) defined by the equationȳ m =z. Clearly, K(ū,z,ȳ) = K(ū,ȳ) holds. By Lemma 8 K(ū,ȳ) is a Kummer extension of K(ū,z). As m is odd, by Lemma 8 we have that
By Proposition 2 the genus of K(ū,ȳ) is equal to
where g ∈ {0, 1} denotes the genus of Q P . Also, the places of K(ū,z) which ramify in the extension K(ū,ȳ) : K(ū,z) are precisely γ 1 , γ 2 , γ 3 ; their ramification index is m. For i ∈ {1, 2, 3} letγ i be the only place of K(ū,ȳ) lying over γ i . Taking into account Lemma 8, the divisors of bothū andȳ in K(ū,ȳ) can be easily computed.
We now consider the extension K(ū,ȳ)(x) = K(ȳ,x) of K(ū,ȳ) such thatx m =ū. In order to apply Proposition 2, we need to determine whether the rational function u is an e-th power in K(ū,ȳ), for some divisor e of m.
Lemma 10. The rational functionū is not an e-th power in K(ū,ȳ) for any divisor e > 1 of m.
Proof. Assume thatū =v
e , with e a non-trivial divisor of m. Then 
by (14) this can only happen when both e = 3 and g ′ = (m − 1)/2 hold. But this is impossible as (m, 6) = 1 is assumed.
Arguing as in the proofs of Lemma 6 and Proposition 7, the following result is obtained.
Proposition 8.
Assume that a = 0. Then the curve C P is an absolutely irreducible curve defined over F q with genus less than or equal to
3.4. Some double covers of C P . In the three-dimensional space over K, fix an affine coordinate system (X, Y, W ) and for any c ∈ K, c = 0 let Y P be the curve defined by
The existence of a suitable F q -rational point of Y P will guarantee that P is bicovered by the arc comprising the points of a coset of index m in the abelian group of the non-singular F q -rational points of a nodal cubic; see Section 4.
Proposition 9. Let a, b ∈ F q be such that ab = (a − 1) 3 . For each c ∈ F q , c = 0, the space curve Y P has an irreducible component defined over F q with genus less than or equal to 6m 2 − 4m + 1.
Proof. We distinguish a number of cases. Case 1:
3 . Notation here is as in Section 3.1. The function field of an F q -rational irreducible component C of C P is K(x,ȳ) with
By the results on generalized Fermat curves presented in [7] , the genus of C is (m 2 − 3m + 2)/2; also there are m places, say γ 
Then it is easy to see that
. As m is odd, this yields that (a − tx m )(a − tȳ m ) is not a square in K(x,ȳ). By Proposition 3, for each c ∈ F q , c = 0, the space curve with equations
has an irreducible component defined over F q with genus m 2 − 2m + 1. The claim then follows as such curve is contained in Y P as well.
Case 2: a = 0 and either
We keep the notation of Section 3.2. By Lemma 5, the only places of K(ū,ȳ) which ramify in the extension K(x,ȳ) : K(ū,ȳ) areγ From Equations (8)- (13), together with Lemma 4, we deduce that in K(ū,z)
holds; similarly,
This implies that in K(x,ȳ)
holds. As m is odd, this yields that (a − tx m )(a − tȳ m ) is not a square in K(x,ȳ). By Proposition 3 for each c ∈ F q , c = 0, the curve Y P has an irreducible component defined over F q with genus at most 6m 2 − 4m + 1. Case 3: a = 0 We keep the notation of Section 3.3. The curve C P is absolutely irreducible, and for each i ∈ {1, 2, 3} the ramification index of γ i in the extension K(x,ȳ) over K(ū,z) is equal to m. By Lemma 8 the divisor ofūz in K(ū,z) is 2γ 1 − γ 2 − γ 3 . Hence, in K(x,ȳ), the rational function t 2xmȳm = t 2ūz has m zeros with multiplicity 2m (the places of K(x,ȳ) lying over γ 1 ) and 2m poles with multiplicity m (the places lying over γ 2 and γ 3 ). As m is odd and a = 0, this yields that (a − tx m )(a − tȳ m ) is not a square in K(x,ȳ). Also, by Proposition 3, for each c ∈ F q , c = 0, the curve Y P has an irreducible component defined over F q with genus at most 3m 2 − 2m + 1.
Bicovering arcs from nodal cubics
If X is a singular plane cubic defined over F q with a node and at least one F qrational inflection, then a canonical equation for X is XY = (X −1) 3 . If the neutral element of (G, ⊕) is chosen to be the affine point (1, 0) 
3 /v). Let K be the subgroup of G of index m with (m, 6) = 1, and let P t = (t, (t−1) 3 /t) be a point in G \ K. Then the coset K t = K ⊕ P t is an arc. In order to investigate the bicovering properties of the arc K t it is useful write K t in an algebraically parametrized form:
For a point P = (a, b) in AG(2, q) \ X , let f a,b,t,m (X, Y ) be as in (6) . As P 1 = P 2 , this is equivalent to
m and v 2 = tỹ m hold for somẽ x,ỹ ∈ F * q , whence the assertion.
Proposition 11. If
Proof. We only deal with the case where a = 0 and either a 3 = −1 or b = 1−(a−1) 3 , the proof for the other cases being analogous. Fix a non-zero element c in F q and let Y P be as in Proposition 9. Let K(x,ȳ,w) be the function field of Y P , so that
We argue as in the proof of Theorem 4.4 in [1] . Let E be the set of places γ of K(x,ȳ,w) for which at least one of the following holds:
(1) γ is either a zero or a pole ofx; (2) γ is either a zero or a pole ofȳ; (3) γ is either a zero or a pole ofw; (4) γ is a zero ofx m −ȳ m .
We are going to show that the size of E is at most 8m 2 + 8m. It has already been noticed in the proof of Proposition 9, Case 2, that the only places of K(ū,z) that ramifies in K(x,ȳ) are the places γ j for j = 1, . . . , 6, and their common ramification index is m. Also, by (15) , the degree-2 extension K(x,ȳ,w) over K(x,ȳ) ramifies precisely at the places of K(x,ȳ) lying over γ 2 , γ 4 , γ 5 , γ 6 . Let Ω j be the set of places of K(x,ȳ,w) lying over γ j . Note that |Ω 1 | = |Ω 3 | = 2m and |Ω j | = m for each j in {2, 4, 5, 6}. From Lemma 4 we have that in K(x,ȳ,w)
Also, by (15) ,
As regardsx m −ȳ m =ū −z, it is easily seen that in K(ū,z) the rational function u−z has at most 4 distinct zeros; hence, the set E ′ of zeros ofx m −ȳ m in K(x,ȳ,w) has size at most 8m 2 . Clearly any place of E is contained either in E ′ or in Ω j for some j = 1 . . . , 6, whence |E| ≤ 8m 2 + 8m.
Our assumption on q and m, together with Proposition 4, ensures the existence of at least 8m 2 + 8m + 1 F q -rational places of K(x,ȳ,w); hence, there exists at least one F q -rational place γ c of K(x,ȳ,w) not in E. Let x =x(γ c ),ỹ =ȳ(γ c ),w =w(γ c ).
Note that P c = (x,ỹ) is an F q -rational affine point of the curve with equation f a,b,t,m (X, Y ) = 0. Therefore, by Proposition 10, P is collinear with two distinct points
If c is chosen to be a square, then P is external to P 1,c P 2,c ; on the other hand, if c is not a square, then P is internal to P 1,c P 2,c . This proves the assertion.
As m > 2 the coset K t cannot bicover all the F q -rational affine points in X . Therefore, unions of distinct cosets need to be considered. Proposition 12. Let K t ′ be a coset of K such that K t ∪ K t ′ is an arc. Let P 0 be an F q -rational affine point of X not belonging to K t ∪ K t ′ but collinear with a point of K t and a point of K t ′ . If (17) holds, then P 0 is bicovered by
3 /u 0 ) with u 0 = 0. Note that when P ranges over K t , then the point Q = ⊖(P 0 ⊕ P ) is collinear with P 0 and ranges over K t ′ . Recall that P belongs to K t if and only if
tx m for some x ∈ F * q . In this case,
Letx be a transcendental element over K. In order to determine whether P 0 is bicovered by K t ∪K t ′ we need to investigate whether the following rational function is a non-square in K(x):
Let γ 0 and γ ∞ be the zero and the pole ofx in K(x), respectively. Note that both γ 0 and γ ∞ are poles of η(x) of multiplicity m, since γ ∞ is a pole of order m of (u 0 − tx m ), (u is not a square in K(x). Then Proposition 3 applies to cη(x) for each c ∈ F * q . Since η(x) has exactly two poles, and the number of its zeros is at most 2m, the genus of the Kummer extension K(x,w) of K(x) withw 2 = cη(x) is at most m. Our assumption on q, together with the Hasse-Weil bound, yield the existence of an F q -rational place γ c of K(x,w) which is not a zero nor a pole ofw. Letx =x(γ c ), w =w(γ c ). Therefore, P 0 is collinear with two distinct points
If c is chosen to be a square, then P 0 is external to P (c)Q(c); on the other hand, if c is not a square, then P 0 is internal to P (c)Q(c).
In order to construct bicovering arcs contained in X , the notion of a maximal-3-independent subset of a finite abelian group G is needed, as given in [27] . A subset M of G is said to be maximal 3-independent if (a) x 1 + x 2 + x 3 = 0 for all x 1 , x 2 , x 3 ∈ M , and (b) for each y ∈ G \ M there exist x 1 , x 2 ∈ M with x 1 + x 2 + y = 0.
If in (b) x 1 = x 2 can be assumed, then M is said to be good. Now, let M be a maximal 3-independent subset of the factor group G/K containing K t . Then the union S of the cosets of K corresponding to M is a good maximal 3-independent subset of (G, ⊕); see [27] , Lemma 1, together with Remark 5(5). In geometrical terms, since three points in G are collinear if and only if their sum is equal to the neutral element, S is an arc whose secants cover all the points in G. By Propositions 11 and 12, if K is large enough with respect to q then S is a bicovering arc as well, and the following result holds. 
Conclusions
We use Theorem 2, together with the results in Section 2.1 in order to construct small complete caps in affine spaces AG(N, q). Note that (17) In the case where a group G is the direct product of two groups G 1 , G 2 of order at least 4, neither of which elementary 3-abelian, there exists a maximal 3-independent subset of G of size less than or equal to (#G 1 ) + (#G 2 ); see [24] . Then Theorem 1 follows at once from Corollary 1.
5.1.
Comparison with previous results. We distinguish two possibilities for the integer h such that q = p h . 
